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The relation between 8E(tx+) and 8E(f—) is derived
in Appendix B, and allows us to write

5E(tk+1—) = Nk+15tk (14)

With Eqs (12) and (14) and the recurrence formulas, Eqs
(5) and (7), we can now evaluate the matrices M, and N; ( >
k + 1), which enable us to write

0X(t—) = Moty
SE(t;—) = Nibt,

@> k) (15)
@>k) (16)

The matrices M; and N; are just the time derivatives of X
and F at &, as determined from Eqs (1) and (2)

It should be noted that it is not necessary to solve addi-
tional differential equations in order to apply this procedure
The matrices used in the recurrence formulas (5) and (7) are
all quantities which presumably have already been com-
puted for the nominal trajectory This is due principally
to the fact that the vehicle follows an undisturbed free fall
trajectory between corrections, which results in the uncou-
pling of Eq (A4) from Eq (A3) If Eq (A4) were not
homogeneous, we would be forced to compute the transition
matrix 8 by integration of Eqs (A3) and (A4)

The analysis just given applies only if measurements are
made continuously In the case of discrete measurements,
Eq (2) would not be applicable, but would be replaced by
Eq (71), and the remainder of the derivation would be
altered accordingly

Appendix A: Perturbed Riccati Equation
The solution of Eq (2) is given by Kalman? as
E = [0y + 0:E][0n + 61.E0] (A1)

E, and E here will represent values at the beginning and end
of an interval between corrections, ¢, and £;;;.. The matrix

o-[n % a2

is the transition matrix of
X = —Frx + HTR'Hw (A3)
Y = Fw (A9)

for the time interval in question
Obviously, 6 = 0 in this case, and 6 = P.y5 ;; by is the
transition matrix of the Eq (A3), and can be shown to be

Oy = &40 77 (A5)
From Eq (Al) we can deduce that, with 8y = 0,
b2 = E~100s — 01,5 (A6)
By perturbing Eq (A1) we find

OF = [6220Eo] [0 + 612Fo] ™ —
[0 + Go2Eo] (011 + O12Eo] 10120 Eo[ 81 + 012E] !

= [0y — E01,]0E,[01 + 612Ep] 1 (A7)
With 6 = 0, this can be written, using Eq (Al),
O0E = [0y — E0:2]6E[0::Fo] 'E (A8)
which, together with Eq (A6), gives
O0E = [E®~TE, 6L, [E, 91K (A9)

Appendix B: Perturbed Riccati Equation with Variable
Initial Time

We now consider the effect of varying the initial time on
Eq (A9) We consider only the special case 6y = 0
FEy and E represent Ex and Ky  Equation (Al) can be
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written

E = BEPT + 612Fp] ! (B1)
and Eq (A6) can be written

b = E7'® — ~TE,! (B2)

Hence, from Eq (B1),

O0E = [0®E, + ®SE,] [T + 0.E,] 7 —
E{6dT + 8612B0 + 0128E0] [T + 612F,] !
= [6PE; + POE,FEy @ E —
E[8®T + 861.E, + 01:0E,] B, E  (B3)

where, using Eq (11),
0 = —®Ft: (B4)
0P T = —P-TIPTH~T = P~TF, T8t (B5)

The quantity 86:.is determined by noting that the solution
of Eqs (A3) and (A4) can be expressed as

w(t) = ®(t)w(ty) (B6)
X(t) = @‘T(t,tk)x(tk) =+

[, @t H R H@w R (BT)

Since the last term represents 61.(t,t)w(tr), it follows that

Ot t) = ﬁ: STt 7)H! (r)R™Y(r)H(r)®(r,ty)dr (BS)

from which

o)
a7k Or2(tr 1 te)

71
—¢TH,"R,~'H, + j:k ST (t,7) X

HT ()R Y (r)H (1) 03151 ®(r,tx)dr

= —®TH, TR, 'H; — O12(tis1,te) Fx (B9

where we have made use of Eqs (B4) and (B8) in evaluating
the last term
Combining Eqs (B2-B5 and B9), and simplifying,

oF = EQ_T[HkTRk—‘]Hk - FkTEo_I — E’o“le]@_lEBtk +
(E®—TE, 3By [Es—d—E] (B10)

Refeiences

! Denham W F and Speyer J L, Optimal measurement
and velocity correction programs for midecourse guidance
ATAAJ 2,896-907 (1964)

2 Kalman R E and Bucy R S, ‘New results in linear fil
tering and prediction theory J Basic Eng Trans Am Soe
Mech Engrs 83D, 95-108 (March 1961)

3Battin R H, A statistical optimizing navigation pro-
cedure for space flight, ARSJ 32, 1681-1696 (1962)

Comment on “Design Analysis of
Earth-Lunar Trajectories: Launch and
Transfer Characteristics”
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HE subject paper! includes a most informative graphical
presentation and interpretation of the launch and trans-
fer characteristics of earth-lunar trajectories Declination

Received November 22, 1963

* Research Engineer, Space Trajectories Unit, Trajectories
and Performance, Apollo Engineering, Space and Information
Systems Division



970 ATAA JOURNAL

(8s) as a function of right ascension difference (az — «) for
lines of constant launch azimuth (4:) and constant central
angle (®) are presented in Figs 2, 3, 7, and 8 of Ref 1
The object of this comment is to elaborate upon the subject
paper by deriving the equations with which the lines of con-
stant launch azimuth and constant central angle can be
generated directly

In the paper the author begins with expressions for the
components of the unit vectors toward the launch point at
launch L and toward the moon at arrival S in terms of their

respective right ascensions and declinations  As in the paper,
the components are
S. = cosa cosd 6h)}
S, = sina cosé @)
S = sind 3)
L. = cosayz cosor 4)
L, = sinayz cosdr &)
L = sind. ®
where
L =il +jL, + kL )
S =148, + 78, + kS ®)

The author then derives an expression for ® (the angle
between L and S < 180°), obtaining

cos® = LS. +L,S, +LS 9

He also derives an expression for the sine of the launch azi-
muth Ar:

sindr = [(L.S, — L,8S.)/sin® cosdz] (10)
In addition, he presents an expression for the tangent of Az:

sinerS: — cosarnSy
(cosarS; + sinarS,) sindr, — cosézS.

tandr = an

which, with the sine Ay, defines the quadrant of Az
He then states that the preceding equations are used to
draw the curves of Figs 2, 3, 7, and 8 However, there is
a significant amount of mathematical expansion necessary
to develop the expressions which are used to draw the curves
If we carry the development of the foregoing equations
further, we can see from substitution that Eq (9) becomes

cos® = cosayz cosdz cosa cosé +
singz coséz sine cosé + sindz siné  (12)

or, factoring,

cos® = cosdy, cosdr(cosar cosa + sinay sina ) +
sindy siné  (13)

which, by a trigometric identity, gives
cos® = coséz cosd cos(ar — ) + sindy sinéd (14)

Again by substitution, Eq (10) becomes

A cosaz cosdr 8ind; sina — sinaz cosér cosa €osds
SinAgL = f
sind cosbr
(15)
or
. cosdy, coss(cosayr sina — sinay cosa )
sindy = - (16)
sin® cosdr
and, finally, :
. —cosd sin(ar — a)
sindz = (amn

sind
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Equation (11) becomes

tand, =
sinayz cosas cosds — cosay sina, cosd, (18)
(cosayr cosa cosd -+ sinay sina coss )sindz, — cosdz, cosd,
tanAL =
cosds(sinaz cose — cosar sinayz) (19)
(cosaz cosas + sinay, sina ) sindz, cosd, — cosdz cosd
or
sin(a, — «
tandy = ( :) (20)

sindr, cos{ar, — a ) — cosdr

Equations (14, 17, and 20) now define ® and AL in terms
of the difference in right ascension

Instead of using Eq (20) to determine the quadrant of
Az, an alternate method will be used in this discussion  The
alternate method does not depend on the Kohlase equation
[Eq (11), see subject paper’s Ref 6]

The new approach uses the W unit vector defined in the
paper as

W =1L XS/|L X8| @1)

Obviously the W vector is normal to the plane defined by
the S and L vectors If a new vector Q is defined as

Q=WXL (22)

the vector Q will be perpendicular to L and in the plane
defined by L and S If the Q vector is directed above the
equatorial plane (ie, @ is positive), Az will be in the first
or fourth quadrant and the cosine of Az will be positive If
Q is directed below the equatorial plane (@ is negative), Az
will be in the second or third quadrant and the cosine of
Az will be negative The cosine of Ay can then be expressed
as

cosdy = (Q /| Q)1 — sin24r)u? (23)

@ also can be written as a function of the right ascensions
difference
Q =w.,L,— L, W, (24)

or

_ (LS. = SyL)L, (LS. — S.L.)L,
N sind sin®

Q (25)

Q sin® = LS — S,L.L, — LS.L, + S L2 (26)

@ sin® = sinlay cos?r sind —
sina cosd sindy sinay, cosér —
sindz, cosa cosé cosar cosdr +
sind coslay cos2r  (27)

Q. sind = sind cos?0r(sin®ar + coslar) —
cosd sindr cosdz(sina;, sinar + cosa cosaz) (28)
or

sind, 0826y, — c0sd; sindy cosdr cos{ar — a)
sind

Q = (29)
Equation (23) along with Eq (17) can be used to deter-
mine Ay At this point the equation for the curves of con-
stant ® for Figs 2, 3, 7, and 8 can be written
Equation (14) can be rewritten as

cos® — sindy sind, (30)

cos(ar, — o) =
(az ) cosdr cosd
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By choosing a ® and incrementing § from —90° to +90°,
a curve of constant ® can be computed from Eq (30) It
should be noted that, for every value of § used in Eq (30),
two values of (az — a) will be obtained Both points lie
on the same ® curve, however, and so there is no problem in
computing the curve

The curves of constant Az are not obtained so directly
From Eq (17),

cosd; sin{ar — a)

sin Ay = — —(T_—W 31)

since
cos2P 4 sin?® = 1 (32)
or
cosd; sin{ar — «)
— 2, /2 — -~ 74
(1 — cos*®) Snd, (33)
Squaring,
2 in2 —_
1 — cost® = &8 d sin%(ar — a) 34)

sin?A4
From Eq (14),

1 — (cosdz cosd cos(ar — a) -+ sindz sind )2 =
cos? sin?(az — a«)/sin24;  (35)

Expanding

1 — (cos?z cos?d cos?(ar — a) +
2 cosdz cosd cos{ar — a ) sindz sind -+ sin%yz sin% ) =
cos? sin%*(ar — a )/sin?d;  (36)

sin?4; — sin?4y cos?dr cos?d cos (ar — a) —
2 sin24 7, cosdy, cosd cos(ar — a) X
sindy, sind — sin?4y, sin%. X
sin?d = cos? [1 — cos?(ar — a)] 387)
= 0820, — cos? cos?(ar — a) (38)

cos(ay — as)(cos?, — sin2Az cos?dy cos? ) —
cos{az — o )(2 cosdy, cosd sin24z sindyz sind )
(sin?d; — sin24 7 sin%y, sin?% — cos?) = 0 (39)

Let
A = cos? — sin?4j cos?L cos?
B = —2 cosd;, cosd sin?Ay sindy sind (40)
C = sin?4; — sin?4; sin%,; — cos%;

Then

— B % (B2 — 440)1e
24

cos(az, — as) = (41)

Equation (41) enables the calculation of points for the
curves of constant Az  The points are obtained in the same
manner as the points for constant ®, that is, choosing 41, and
incrementing § from —90° to -+90°

A remaining problem is that multiple answers are obtained
in the Az case as well as in the constant ® case However,
in the constant Az case, four values of (az — « ) are obtained
for each & increment, and only two of these correspond to the
desired Az The other two correspond to the explement of
the Az used in Eq (41) To identify which (az — «) go
with the desired Az and which to the explement of Ay, it is
necessary to substitute each (ar — « ) obtained from Eq
(41) into Eq (14), obtaining

cos® = cosdy cosd; cos(ar, — a) + sindz sind ~ (42)
Then using Eq (17) and the ® obtained in Eq (42), compute

cosd sin(ar, — a )
sin®

sind; = — (43)
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and obtain the cosA4z from Eq (23), still using (az — ) and
the @ from Eq (42):

cosdr = (Q/1Q N — sin?Az)2 (44)

From Eqs (43) and (44), A and its correct quadrant can
be determined Each (az — «.) can be matched with A
or the explement of Ay, for identification of the curve

It is now possible to compute and identify in a straight-
forward manner all of the points necessary to draw the curves
in Figs 2,3,7,and 8 Using these equations, it now appears
that much of the remaining problem of earth-lunar trajectory
design as outlined in the paper can be mechanized How-
ever, as it was the primary object of this comment to elabo-
rate upon the subject paper by deriving the equations from
which the lines of constant launch azimuth and constant
central angle can be generated, the problem of mechanization
of the trajectory design problem will not be pursued further
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Comments on Exhaust Flow Field and
Surface Impingement

LronarD RoBERTS* AND JERRY C SouTH JR T
NASA Langley Research Center, Hampton, Va

Nomenclature
ko= y(y — Mg
h = distance along streamline from point source (nozzle exit)
r = radial coordinate normal to axis
re = nozzle exit radius
¢ = streamline inclination angle relative to axis
M = Mach number
v = ratio of ideal-gas specific heats
p = density
pe = nozzle stagnation density
v = Prandtl Meyer turning angle
ps = static pressure on surface beneath nozzle
pre = normal shock racovery pressure at nozzle exit
pe = nozzle stagnation pressure
Subscripts
e = conditions at nozzle exit
a = conditions on axis

N recent months there has been interest in the problem of

the impingement of a jet exhaust on simulated lunar
surfaces The problem has been deseribed both experi-
mentally! and theoretically 2 3 In the June issue of the
ATAA Journal there appeared two Technical Notes* ® that
seemed to complicate unnecessarily the analysis of the free-
jet expansion and the surface pressure distribution The
purpose of the present comment is to recall briefly the simple
results of the theory?® and to make a more complete compari-
son with the experimental data of Ref 1

First, with regard to the expansion of the free jet into a
vacuum, most of the mass and momentum of the jet are
contained in a cential core in which the density decreases
both along and normal to the axis, and at large distances
the density distribution should be independent of the open-
ing angle of the nozzle Fuithermore, one would not expect
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